Quasi-Parabolic Subgroups of G(m,1,r)  by Kin Mak, Chi
Journal of Algebra 246, 471–490 (2001)
doi:10.1006/jabr.2001.8954, available online at http://www.idealibrary.com on
Quasi-Parabolic Subgroups of Gm 1 r
Chi Kin Mak
School of Mathematics, University of New South Wales, Sydney 2052, Australia
E-mail: chi@maths.unsw.edu.au
Communicated by Leonard L. Scott, Jr.
Received June 1, 1999
We study the properties of cosets and double cosets of quasi-parabolic subgroups
via tableaux. We characterize these double cosets by n × n arrays of non-negative
integer sequences. For each double coset, we construct and count all shortest and
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1. INTRODUCTION
Let r be a positive integer. The set 1     r is denoted by r. Let r
be the symmetric group on r. For a composition λ = λ1     λn of r and
each i ∈ n, let Rλi = k + 1 k + 2     k + λi, where k =
∑i−1
j=1 λj . Let
λi be the subgroup of r consisting of the λi! elements which ﬁx the set
r\Rλi . The corresponding Young’s subgroup is the product λ = λ1 · · ·λn
which is isomorphic to the direct product λ1 × · · · ×λn . For each σ ∈ r
we deﬁne the length of σ to be the length of shortest expression for σ as
a product of transpositions of consecutive numbers; this is also the cardi-
nality of the set i j ∈ r2  i < j and iσ > jσ.1 It is well known that
each right coset λσ contains a unique element of minimal length and
a unique element of maximal length, and if µ is another composition of
r, then the same holds for all double cosets λσµ. In [D], there are
constructions of these shortest and longest double coset representatives
and there are also length formulas for these representatives. Furthermore,
1We write the image of i under σ as iσ .
471
0021-8693/01 $35.00
 2001 Elsevier Science
All rights reserved.
472 chi kin mak
from [JK, 1.3.10], there is a one–one correspondence between λ\r/µ
and the set of n × n matrices zij of non-negative integer entries satis-
fying
∑n
j=1 zij = λi and
∑n
i=1 zij = µj . The number of double cosets and
the number of double cosets with the trivial intersection property are also
given in [JK, 1.3.14]. In this paper we investigate extensions of these results
to a class of subgroups of the complex reﬂection group Gm 1 r. Fol-
lowing [DS], we call these subgroups quasi-parabolic. Can has used these
subgroups to construct a complete set of irreducible modules of Gm 1 r
in [C]. Without the knowledge of Can’s paper [C], Du and Scott deﬁned
quasi-parabolic subgroups of G2 1 r in [DS] for the investigation of the
q-Schur2 algebra. I hope to use the results in this paper to study the Schur
algebras of Gm 1 r in the future.
2. THE GROUP Gm 1 r
2.1. Characterizations of Gm 1 r
Let ξ be a primitive mth root of unity. The multiplicative subgroup
1 ξ     ξm−1 of  is denoted by Cm. We set Cmr = ξεa  a ∈ r 0 ≤
ε ≤ m − 1. We also write Cm = Cm\1 and so Cmr carries the obvi-
ous meaning. Throughout the paper, we assume a b ai bi k p to be in r
or nx xi to be in Cmr or Cmn; and 0 ≤ ε εi ≤ m − 1. Let us deﬁne −
Cmr → r by ξεa = a. In r , we can use 1σ     rσ to represent σ . We
shall use similar one-line notation for elements in W = Gm 1 r. Fol-
lowing [C], W is the group of all permutations w of Cmr satisfying the
condition ξεiw = ξεiw. Thus any element w ∈ W is uniquely deter-
mined by the sequence 1w 2w     rw which can be written in the form
of ξε1a1     ξεr ar where a1 a2     ar is an element in r . Hence
W = ξε1a1     ξεr ar  0 ≤ εi ≤ m− 1 ∀ i a1     ar ∈ r
Because of the group monomorphism r → W which maps σ to
1σ     rσ ∈ W , r can be treated as a subgroup of W . With-
out ambiguity, we use a1     ar to denote both the element in r
and the element in W . Let C denote the kernel of the group epi-
morphism −W → r deﬁned by w¯ = 1w     rw. Furthermore,
C = ξε11     ξεr r  0 ≤ εi ≤ m − 1 ∀i which is an abelian sub-
group of W .
Since elements in W are functions of Cmr, the product of elements in
W is naturally deﬁned as the composition of functions. For instance, take
u = ξ3 ξ21 2 4 and v = ξ22 ξ23 ξ4 1 in G3 1 4. If w = uv, we
have 1w = 1uv = ξ3v = ξ24 and so on. Hence w = ξ24 ξ2 ξ23 1.
The second description of W is the well known presentation by genera-
tors and relations.
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(2.1.1) Proposition. Let t = ξ1 2     r and si = 1     i + 1
i     r, for 1 ≤ i ≤ r − 1. The group W = Gm 1 r is characterized by
the set of generators S = t = s0 s1     sr−1 and the following relations:
ts1ts1 = s1ts1t
sisi+1si = si+1sisi+1 if 1 ≤ i ≤ r − 2
sisj = sjsi if i− j ≥ 2
tm = s21 = · · · = s2r−1 = e
Here e is the identity of W .
We also write t1 = t and ti+1 = sitisi for 1 ≤ i ≤ r − 1. Hence, in the
form of a sequence, ti = 1     i− 1 ξi i+ 1     r. Thus, the subgroup
C is generated by t1     tr. It is straightforward to verify the following
product formulae.
(2.1.2) Lemma. Let w = ξε1a1     ξεiai ξεi+1ai+1     ξεr ar and
i = 0. Then
(a) siw = ξε1a1     ξεi+1ai+1 ξεiai     ξεr ar and
(b) tiw = ξε1a1     ξε′iai     ξεr ar, where ε′i ≡ εi + 1 (mod m).
If aj = i and ak = i+ 1, then
(c) wsi is the sequence formed by replacing the terms ξ
εj i and ξεki+ 1
in w by ξεj i+ 1 and ξεki, respectively, and
(d) wti = ξε1a1     ξε
′
j i     ξεr ar, where ε′j ≡ εj + 1 (mod m).
(2.1.3) Example. For the element w = ξ24 ξ2 ξ23 1 ∈ G3 1 4,
s1w = ξ2 ξ24 ξ23 1 ws1 = ξ24 ξ1 ξ23 2
tw = 4 ξ2 ξ23 1 wt = ξ24 ξ2 ξ23 ξ1
Note that when s1 acts on the left of w, it swaps the ﬁrst and second
terms of w. When s1 acts on the right, it swaps only the numerals 1 and 2
but not the powers of ξ. When t acts on the left of w, the exponent of ξ of
the ﬁrst term is increased by 1 and then is reduced modulo m. But when t
acts on the right, the change is made to the term ξε1 instead. Moreover, w
can be written as
w = ξ21 ξ2 ξ23 44 2 3 1 = 4 2 3 11 ξ2 ξ23 ξ24
It is not difﬁcult to see that, in general, any element w ∈ W can be written
as cσ or σc′, where c c′ ∈ C and σ ∈ r . Furthermore, the power of ξ of
ic is the same as that of iw, while the power of ξ of ic′ is the same as that
of the term ξεi in w.
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(2.1.4) Lemma. The group W is the product of its subgroups C and r ,
and that is W = Cr = rC.
(2.1.5) Lemma. Let w = si1 · · · sip , where si1     sip ∈ S. Denote sip · · · si1
by wι. Then ι w → wι is an anti-involution of W .
Proof. Corresponding to any relation u = u′ in Proposition 2.1.1, uι =
u′ι is also a relation. Then the lemma follows from wιι = w.
We can easily write down the sequence for w−1 from w by the fact that
iw = ξεa if and only if aw−1 = ξm−εi. The following lemma helps us writing
down the sequence for wι.
(2.1.6) Lemma. For any i ∈ r and w ∈ W , if iw = ξεa then awι = ξεi.
Proof. Let w = cσ for some c ∈ C and σ ∈ r . If ic = ξε′ i, then
iw = ξε′ iσ. Since iw = ξεa, we have ε′ = ε and iσ = a. Hence awι =
aσιcι = aσ−1c = ic = ξεi.
2.2. A Length Function and Reduced Expressions
Based on Proposition 2.1.1, it is natural to deﬁne the length function
& W →  similar to that of Coxeter groups. For an arbitrary w ∈ W ,
over all the expressions w = si1 · · · sip , where si1     sip ∈ S, those with the
smallest p are said to be reduced. This smallest p is called the length of
w and is denoted by &w. Clearly, &w = &wι for all w ∈ W .
(2.2.1) Lemma [BM, 3.4]. Let w = ξε1a1     ξεr ar ∈ W . Then
&w =
r∑
i=1
εi + 2 · cardi j  i < j ai < aj εj = 0
+ cardi j  i < j ai > aj
The total order on r plays an important role in the theory of Young
tableaux of r . We need the following total order on Cmr to study W .
(2.2.2) Deﬁnition. Assume that m is greater than 1. Deﬁne a total
order  on Cmr by x  x′ if and only if either x = x′ or x ≺ x′, where
ξm−1r ≺ ξm−2r ≺ · · · ≺ ξr ≺ ξm−1r − 1 ≺ · · · ≺ ξr − 1 ≺ · · ·
≺ ξm−11 ≺ · · · ≺ ξ1 ≺ 1 ≺ · · · ≺ r
(2.2.3) Lemma. Let m > 1 w = ξε1a1     ξεr ar ∈ W , and 1 ≤ i ≤
r − 1.
(a) If w′ = ξε1a1     ξεi+1ai+1 ξεiai     ξεr ar and ξεi+1ai+1 ≺
ξεiai, then &w = &w′ + 1.
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(b) If w′ = ξε1a1     ξεi−1ai−1 ai ξεi+1ai+1     ξεr ar, then &w >
&w′ when 1 ≤ εi ≤ m− 1. In particular, if i = 1 then &w = &w′ + ε1.
Proof. Let Aw = i j  i < j iw¯ > jw¯ and Bw = i j  i <
j iw¯ < jw¯ jw ∈ Cmr. The sets Aw′ and Bw′ are similarly deﬁned. We
also let &0w =
∑r
i=1 εi. Thus, &w = &0w + 2 · cardBw + cardAw.
In (a), w and w′ are differ by exactly two terms. Since ξεi+1ai+1 ≺ ξεiai,
we only need to consider the following four cases while the others
are impossible. (1) If ai > ai+1 and εi = εi+1 = 0, then we have
Bw = Bw′ and Aw = Aw′ ∪ i i + 1. (2) If ai < ai+1 εi = 0 and
εi+1 = 0, then Bw = Bw′ ∪ i i + 1 and Aw ∪ i i + 1 = Aw′ .
(3) If εi = 0 εi+1 = 0, and ai < ai+1, then Bw = Bw′ ∪ i i + 1 and
Aw ∪ i i + 1 = Aw′ . (4) If εi = 0 εi+1 = 0, and ai > ai+1, then
Bw = Bw′ and Aw = Aw′ ∪ i i + 1. In all cases, &0w = &0w′ and so
&w = &w′ + 1. In part (b), we have &0w = &0w′ + εiAw = Aw′ , and
Bw′ ⊆ Bw. In particular, when i = 1, we have Bw = Bw′ . Hence part (b)
follows.
(2.2.4) Algorithm (reduced expression). Take an element w =
si1 · · · sip in W , where si1     sip ∈ S. By Lemma 2.1.2, we can easily
work out the sequence 1w     rw from e = 1     r. On the other
hand, we can get a reduced expression of w from 1w     rw. Our
method is based on a classical sorting algorithm (bubble sort [K, p. 107])
and the following operations on w.
(1) If iw  i+ 1w for some 1 ≤ i ≤ r − 1, form w′ by swapping the
ith and i+ 1th terms.
(2) If 1w = ξεa and 1 ≤ ε ≤ m− 1, form w′ by changing ε to 0, i.e.,
1w to a.
By 2.1.2 and 2.2.3, we have w = siw′ and &w = &w′ + 1 in (1), as
well as w = tεw′ and &w = &w′ + ε in (2). Thus, if we can apply
the above operations iteratively on w to get the identity element, we can
write a reduced expression for w. More precisely, we ﬁrst apply opera-
tion (2), if ε1 = 0. Suppose we have applied the above operations on
w so that the ﬁrst k − 1 terms are increasing positive integers. Now, we
set w = a1     ak−1 ξεkak     ξεr ar. Then sort the ﬁrst k terms to
ascending order by applying operation (1) iteratively by bubble sort. If
εk = 0, the ﬁrst k terms are increasing positive integers. Otherwise, we
get ξεkak a1     ak−1 ξεk+1ak+1     ξεr ar. By (2), put εk = 0 and then
sort the ﬁrst k terms in order. Inductively, we can get the identity element
1     r. Correspondingly, we get a reduced expression for w.
(2.2.5) Example. Take an element w = w0 = ξ22 ξ23 4 ξ1 in
G3 1 4. By the above algorithm, w is sorted to (1, 2, 3, 4) as follows.
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Term(s) Operation Relationship between
i considered applied wi wi−1 and wi
1 1 (2) (2ξ23 4 ξ1) w0 = t2w1 &w0 = &w1 + 2
2 1 2 (1) (ξ23 24 ξ1) w1 = s1w2 &w1 = &w2 + 1
3 1 (2) (3 24 ξ1) w2 = t2w3 &w2 = &w3 + 2
4 1 2 (1) (2 34 ξ1) w3 = s1w4 &w3 = &w4 + 1
4 2 3 — (2 3 4ξ1) same as the above
4 1 2 — (2 3 4ξ1) same as the above
5 3 4 (1) (2 3 ξ1 4) w4 = s3w5 &w4 = &w5 + 1
6 2 3 (1) (2 ξ1 3 4) w5 = s2w6 &w5 = &w6 + 1
7 1 2 (1) (ξ1 2 3 4) w6 = s1w7 &w6 = &w7 + 1
8 1 (2) 1 2 3 4 w7 = tw8 &w7 = &w8 + 1
Hence, t2s1t2s1s3s2s1t is a reduced expression for w and &w = 10.
3. QUASI-PARABOLIC SUBGROUPS AND THEIR COSETS
3.1. Quasi-Parabolic Subgroups
Denote the set of all compositions of r into n parts by )n r. We are
going to generalize the notion of a standard parabolic subgroup λ of r
to the following class of subgroups of W .
(3.1.1) Deﬁnition. For any λ ∈ )n r, let nλ = n\iλi = 0 and
I ⊆ nλ. For each i ∈ nλ, suppose W λi is the subgroup of all elements which
ﬁx the set Cmr\Rλi  and map CmRλi onto CmRλi or map Rλi onto Rλi when
i ∈ I or i ∈ nλ\I, respectively. Corresponding to this pair λ I, the quasi-
parabolic subgroup Wλ I is deﬁned to be the product
∏
i∈nλ W
λ
i .
(3.1.2) Remark. Since parabolic subgroups of r are subgroups which
are conjugate to the standard ones, quasi-parabolic subgroups are better
deﬁned to be the ones which are conjugate to those in 3.1.1. In this paper,
we investigate the shortest and longest elements in cosets and double cosets
of our (standard) quasi-parabolic subgroups. For simplicity, we just call
these subgroups quasi-parabolic. Furthermore, only the ones with I = p
will be useful in studying Schur algebras of Gm 1 r.
From Deﬁnition 3.1.1, we have W λi ∼= Gm 1 λi or W λi ∼= λi , when
i ∈ I or i ∈ nλ\I, respectively. For simplicity, we take W λi = e when
i ∈ n\nλ. The notion of the quasi-parabolic subgroup is a generalization
of the standard parabolic subgroup, because if m = 1 then Wλ ∼= λ.
Moreover, when m = 2 and nλ = n, if I = p or I =  then Wλ I is a
quasi-parabolic subgroup of the type B Weyl group in the restricted sense
deﬁned in [DS].
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By 2.1.4, when i ∈ IW λi can be written as a product Cλi λi , where Cλi
is the subgroup generated by tpp ∈ Rλi . The product
∏
i∈I C
λ
i is denoted
by Cλ I.
(3.1.3) Lemma. If Wλ I is a quasi-parabolic subgroup, then Wλ I =
Cλ Iλ = λCλ I.
Proof. For any i j ∈ I, we have Cλi Cλj = Cλj Cλi . Moreover, if k ∈ nλ then
Cλi 
λ
k = λkCλi . Hence Wλ I =
∏
i∈nλ W
λ
i =
∏
i∈I C
λ
i
∏
i∈nλ 
λ
i = Cλ Iλ.
Since Cλ Iλ is a subgroup, so Cλ Iλ = λCλ I.
By the fact that Cιλ I = Cλ I and ιr = r , we have the following
corollary.
(3.1.4) Corollary. If Wλ I is quasi-parabolic, then W
ι
λ I = Wλ I.
Hence, for any w ∈ W Wλ Iwι = wιWλ I.
Similar to r , Young tableaux are useful for the study of W . Corre-
sponding to the composition λ = λ1     λn ∈ )n r, the λ-diagram is
one that consists of n rows of boxes such that there are λi boxes in the ith
row. For each w = 1w     rw, the corresponding λ-tableau  is formed
by ﬁlling in a λ-diagram by iw in order along successive rows. The partic-
ular one corresponding to e is denoted by λ. The set of λ-tableaux for all
the elements in W is denoted by λ. Obviously δ λ → W is a bijec-
tion. This one–one correspondence gives rise to left and right actions of W
on λ such that for all w ∈ W and  ∈ λ, we deﬁne w = δ−1δw
and w = δ−1wδ. In particular, λw is the tableau for w.
When studying Wλ I, we ﬁnd that it is convenient to label the rows of
these tableaux by A or B. If i ∈ nλ\I or i ∈ I, we label the ith row by A or
B, respectively. There will be no label for an empty row.
(3.1.5) Example. Let w = ξ10 7 2 ξ25 4 9 1 ξ26 ξ8 ξ23 ∈
G3 1 10 and λ = 5 4 0 1 I = 2. Then
A 1 2 3 4 5
B 6 7 8 9
λ= —
A 10
A ξ10 7 2 ξ25 4
B 9 1 ξ26 ξ8
=λw= —
A ξ23
3.2. Cosets
For any  ∈ λ, the sequence of entries in ith row of  is denoted by
rowi. Hence if  = λw, then Rλi w is the set of entries in rowi.
(3.2.1) Deﬁnition. Let Wλ I be a quasi-parabolic subgroup of W ,
where λ ∈ )n r and I ⊆ nλ. Two λ-tableaux  and ′ are said to be
row-equivalent with respect to I if
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(RE1) when i ∈ I, rowi′ is a permutation of rowi  and
(RE2) when i ∈ nλ\I rowi ′ is a permutation of rowi .
(3.2.2) Lemma. Let ww′ be elements in W . Denote the corresponding
λ-tableaux for w and w′ by  and ′, respectively. The following are equivalent.
(a) The elements w and w′ are in the same coset in Wλ I\W .
(b) The tableaux  and ′ are row-equivalent with respect to I.
Proof. Let w′ = uw for some u ∈ Wλ I, and u =
∏
i∈nλ ui where
ui ∈ W λi . When i ∈ I ui permutes and possibly changes exponents of ξ
of the entries in rowi . When i ∈ nλ\I ui only permutes the entries in
the rowi. Therefore, ′ and  are row-equivalent with respect to I. Con-
versely, (RE1) and (RE2) guarantee the existence of ui ∈ W λi such that
rowi ′ = rowi ui for each i ∈ nλ. Hence w′ = uw, where u =
∏
i∈nλ ui
which is in Wλ I.
Lemma 3.2.2 gives us an easy way to check whether two elements in W
are in the same right coset by simply examining the corresponding tableaux.
When W = r , the tableaux with increasing rows are said to be row-
standard. With the order deﬁned in 2.2.2, we deﬁne the notion of row-
standard λ-tableaux.
(3.2.3) Deﬁnition. A λ-tableau  is said to be row-standard with
respect to I if
(RS1) for all i ∈ I, entries in rowi  are in r and
(RS2) for all i ∈ nλ, rowi  is ascending with respect to the order .
(3.2.4) Deﬁnition. A λ-tableau  is said to be descending row-standard
with respect to I if
(a) for all i ∈ I, entries in rowi  are in ξm−1r and
(b) for all i ∈ nλ, rowi  is descending with respect to the order .
Although the above deﬁnitions are depend on I, we shall drop the phase
“with respect to I” when the set I is clear from the quasi-parabolic subgroup
under consideration.
(3.2.5) Example. The following are row-standard and descending row-
standard λ-tableaux which are row-equivalent to  in Example 3.1.5:
A ξ10 ξ25 2 4 7
B 1 6 8 9
—
A ξ23
A 7 4 2 ξ25 ξ10
B ξ21 ξ26 ξ28 ξ29
—
A ξ23
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3.3. Shortest and Longest Coset Representatives
If λ is a parabolic subgroup of r and σ ∈ r , there are a unique
shortest element and a unique longest element in the coset λσ . This is
also true for cosets of a quasi-parabolic subgroup Wλ I in W .
(3.3.1) Proposition. Let Wλ I be a quasi-parabolic subgroup. In each
right coset of Wλ I in W , there exists a unique element of shortest (respec-
tively longest) length. Furthermore, the corresponding tableau is row-standard
(respectively descending row-standard).
Proof. Let  be the set of λ-tableaux corresponding to elements
in Wλ Iw for a ﬁxed w ∈ W . From this coset, take an element
u = x1     xr. For each i ∈ I, change rowiλu to rowiλu. The
resulting tableau is denoted by 1. The tableau 1 is in  and it satisﬁes
(RS1). The element u1 = δ1 is in the coset. By 2.2.3 (b), &u1 < &u
unless u1 = u. Then for all i ∈ nλ, we sort rowi 1 to ascending order by
2.2.4 (1). As a result we get a row-standard tableau  ∈ , and the element
d = δ is in the coset. By 2.2.3 (a), &d < &u1 unless d = u1. Hence
&d < &u unless u = d. Since there is only one row-standard tableau in
, so d is independent of the choice of u. Thus, d is the unique element
of shortest length in the coset.
Using similar argument, we can show that the element corresponding
to the unique descending row-standard tableau in  is the unique longest
element in the coset.
Following [DS], we call the shortest length representative in the right
coset WλIw the distinguished right coset representative. The set of all dis-
tinguished right coset representatives for the cosets in Wλ I\W is denoted
by λ I, while the set of all longest right coset representatives is denoted
by +λ I.
(3.3.2) Corollary. Let λ ∈ )n r and I ⊆ nλ. The set of λ-tableaux
which are row-standard (respectively descending row-standard) with respect to
I is in one–one correspondence with λ I (respectively 
+
λ I).
The following corollary follows immediately from 3.1.4, 3.3.1, and 3.3.2.
(3.3.3) Corollary. Let Wµ J be a quasi-parabolic subgroup. For each
w ∈ W , there are a unique shortest and a unique longest element in the left
coset wWµ J. Moreover, 
ι
µ J and +µ Jι are the sets of all shortest and
respectively longest left coset representatives.
(3.3.4) Remark. When m equals 1 or 2, we have wι = w−1 for all w ∈
W . As a result, ιµ J = −1µ J and +µ Jι = +1µ J−1. When m > 2,
although wι = w−1 in general, we still have the following proposition.
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(3.3.5) Proposition. If Wµ J is quasi-parabolic, then 
−1
µ J = ιµ J.
Proof. Let w = cπ = ξε1a1     ξεr ar, where c ∈ C and π ∈ r .
We then have w−1 = ξm−ε1b1     ξm−εr br and wι = ξε1b1     ξεr br,
where apπ−1 = bp for all p ∈ r. We note that m − εp ≡ 0 mod m
if and only if εp ≡ 0 mod m. Hence, rowiµw−1 ⊆ r if and only if
rowiµwι ⊆ r, and rowiµw−1 is ascending if and only if rowiµwι is
ascending. Thus w−1 ∈ µ J if and only if wι ∈ µ J, and the result
follows.
Unfortunately, +µ Jι = +µ J−1 in general. For instance, in
G3 1 1, we have +11 = +11ι = ξ21, while +11−1 =
ξ1.
For a right coset WλIw, we can easily construct the shortest element
and the longest element from the row-standard and the descending row-
standard tableaux which are row-equivalent to λw. For a left coset wWµ J,
we ﬁrst construct the shortest element and the longest element in WµJwι
and then apply Lemma 2.1.6.
4. DOUBLE COSETS
4.1. Double Cosets
Let λ µ be compositions of r. We may assume both λ and µ are in
)n r because zero parts can be added to the one with less parts. We
generalize [JK, 1.3.8] to the following lemma which gives a condition for
elements being in the same double coset. In order to avoid complicated
speciﬁcation of indices, we assume i and j are in the set n throughout this
section, unless otherwise stated.
(4.1.1) Lemma. Two elements ww′ are in the same double coset in
W λ I\W/Wµ J if and only if
(a) cardRλi w ∩ Rµj  = cardRλi w′ ∩ Rµj , when i ∈ I or j ∈ J and
(b) for each ε cardRλi w ∩ ξεRµj  = cardRλi w′ ∩ ξεRµj , when i ∈ I
and j ∈ J.
Proof. If w w′ are in the same double coset, then w′ = uwv for some
u ∈ Wλ I and v ∈ Wµ J. For each i, we have Rλi w′ = Rλi u¯wv = Rλi wv.
Since v¯ is in µ, then R
λ
i w
′ ∩ Rµj = Rλi wv ∩ Rµj v¯ = Rλi w ∩ Rµj v¯ for every
j. In particular, (a) holds. When i ∈ I and j ∈ J, we have Rλi u = Rλi and
R
µ
j v = Rµj . We then have Rλi w′ ∩ ξεRµj = Rλi wv ∩ ξεRµj v = Rλi w ∩ ξεRµj v
for every ε, and (b) follows.
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Conversely, let w w′ be elements satisfying the conditions. Let us ﬁrst
ﬁx a j ∈ J. From (a) and (b), we have cardRλi w ∩ CmRµj  = cardRλi w′ ∩
CmR
µ
j  for all i. Therefore, there exists vj ∈ W µj ∼= Gm 1 µj such that
Rλi w ∩ CmRµj vj = Rλi w′ ∩ CmRµj for all i. Now, for a ﬁxed j ∈ J, there
exists vj ∈ µj such that Rλi w ∩ Rµj vj = Rλi w′ ∩ Rµj for all i ∈ I, and
Rλi w ∩ ξεRµj vj = Rλi w′ ∩ ξεRµj for all i ∈ I. The product v = v1 · · · vn,
which is in Wµ J, satisﬁes the conditions that R
λ
i wv = Rλi w′ for i ∈ I,
and Rλi wv = Rλi w′ for i /∈ I. Hence, there exists u ∈ Wλ I such that w′ =
uwv.
(4.1.2) Theorem. Let λ = λ1     λn and µ = µ1     µn be com-
positions in )n r and I ⊆ nλ J ⊆ nµ. There is a one–one correspondence
between the set of double cosets Wλ I\W/Wµ J and the set of n× n arrays
zij whose entries are sequences of non-negative integers such that
(a) zij = zij is a sequence of one term, when i ∈ I or j ∈ J;
(b) zij = zij0     zijm−1 is a sequence of m terms, when i ∈ I and
j ∈ J;
(c)
∑n
j=1 zij = λi and
∑n
i=1 zij = µj , where zij is the sum of the terms
in zij .
Proof. By Lemma 4.1.1, the double coset Wλ IwWµ J is characterized
by the following system of non-negative integers.
(i) zij = cardRλi w ∩ Rµj , when i ∈ I or j ∈ J;
(ii) zijε = cardRλi w ∩ ξεRµj , when i ∈ I and j /∈ J.
These integers form an array zij which satisﬁes the conditions in the
theorem. Thus, we have an injection from the set of double cosets
Wλ I\W/Wµ J to the set of square arrays mentioned in the theorem.
Conversely, let zij be an n× n array satisfying the conditions. We divide
a λ-diagram into n parts such that there are zij boxes in the ith row of the
jth part. We ﬁrst ﬁll in the jth part by the elements in Rµj . Then, for each
pair i ∈ I and j ∈ J, to the entries of the jth part in the ith row, we
multiply ξ to zij1 of them, ξ2 to zij2 of the remaining entries, and so on. If
the resulting tableau is denoted by , then the double coset Wλ IδWµ J
is obviously characterized by the array.
(4.1.3) Example. Corresponding to λ = 5 2 2 and µ = 3 6 0 I =
2 and J = 1, we have quasi-parabolic subgroups Wλ I and Wµ J of
G3 1 9. Let w = 5 ξ28 3 ξ9 ξ2 ξ21 ξ6 ξ7 4. The following are the
tableau corresponding to w and the 3× 3 array corresponding to the double
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coset Wλ IwWµ J.
 =
A 5 ξ28 3 ξ9 ξ2
B ξ21 ξ6
A ξ7 4
zij =


2 1 1 1 0 0 0
1 1 0
0 1 1 0 0 0 0

 
(4.1.4) Corollary. The number of double cosets in Wλ I\W/Wµ J is
equal to the coefﬁcient of xλyµ = xλ11 · · ·xλnn yµ11 · · · yµnn in the formal power
series
∏
i j
1− xiyj−1
∏
i ∈I
andj ∈J
1− xiyj1−m
Proof. The number of n × n arrays satisfying the conditions in Theo-
rem 4.1.2 is equal to the coefﬁcient of xλyµ in
∗ ∏
i∈I
or j∈J
1+ xiyj + x2i y2j + · · ·
(
∏
i/∈I
and j /∈J
1+ xiyj + x2i y2j + · · ·
)m

which can be rewritten as
∏
i∈I
or j∈J
1− xiyj−1
∏
i ∈I
and j ∈J
1− xiyj−m =
∏
i j
1− xiyj−1
∏
i ∈I
and j ∈J
1− xiyj1−m
Hence the corollary follows.
4.2. Shortest and Longest Elements in Double Cosets
When W is a Coxeter group and X Y are its parabolic subgroups, let
X and, respectively, Y be the sets of shortest representatives in the
cosets of X and, respectively, Y in W . It is well known that there is a
unique shortest element in each double coset XwY , where w ∈ W . The
intersection X ∩−1Y is the set of all shortest elements of the double cosets
in X\W/Y . We shall prove that for m = 2 and X = Wλ I Y = Wµ J,
there is still a unique shortest element in each double coset; but when
m > 2, there may be more than one shortest element in a double coset.
The following example is due to the referee. Let W = G3 1 2 and let
X be the subgroup generated by s = s1. The elements t2st = ξ22 ξ1 and
st2sts = tst2 = ξ2 ξ21 are distinct minimal length elements in the same
X\W/X double coset. However, λ I ∩ιµ J is still the set of all shortest
elements of the double cosets.
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(4.2.1) Deﬁnition. Let µ be a composition of r. For any element x ∈
Cmr, deﬁne the µ-label for x to be
"x#µ =
{
j if x ∈ Rµj 
−j if x ∈ CmRµj 
The µ-label for an element w ∈ W is deﬁned to be the sequence "w#µ
formed by replacing all the terms in w by their labels. The µ-label "#µ for
any tableau  is similarly deﬁned.
(4.2.2) Lemma. Let Wλ I and Wµ J be quasi-parabolic subgroups. Sup-
pose i ∈ I or j ∈ J. If d is an element in λ I ∩ ιµ J, then Rλi d ∩
CmR
µ
j ⊆ r. If d is in +λ I ∩ +µ Jι, then Rλi d ∩ CmRµj ⊆ ξm−1r.
Proof. Let d be an element in λ I (respectively in 
+
λ I). When i ∈ I,
the set Rλi d is a subset of r (respectively ξ
m−1r). Take a term ad = ξεb in
CmR
µ
j . Since bd
ι = ξεb and dι is also in µ J (respectively in +µ J),
then ε = 0 (respectively ε = m− 1) when j ∈ J. Consequently, the results
follow.
(4.2.3) Lemma. Assume d and d′ are both in λI ∩ ιµ J or both in
+λ I ∩ +µ Jι. If d and d′ are in the same double coset then (a)"d#µ =
"d′#µ and (b) d¯ = d′.
Proof. Suppose d d′ are in λI ∩ ιµ J and they are in the same
double coset. For each i, both rowiλd and rowiλd′ are ascending with
respect to . Thus, each of the ith rows of "λd#µ and "λd′#µ is of the form
−n∗ · · · −1∗1∗ · · · n∗. Here, j∗ denotes a sequence of a number of
j’s or an empty sequence. By 4.1.1 and 4.2.2, we also have cardRλi d ∩Rµj  =
cardRλi d′ ∩Rµj  and cardRλi d ∩CmRµj  = cardRλi d′ ∩CmRµj , for all i and
j. Hence, "d#µ = "d′#µ.
For each j, let rowjµdι = ξε1a1     ξεpap ap+1     aµj  and
rowjµd′ι = ξε′1a′1     ξε
′
p′a′p′ a
′
p′+1     a
′
µj
, where all the expo-
nents of ξ are not zero. If bdι = ξεa is an entry in the jth row
of a µ-tableau, then ad = ξεb is in CmRµj . Hence, a1     ap =
a"ad#µ = −j and a′1     a′p′  = a"ad′#µ = −j. Since "d#µ = "d′#µ,
then p = p′ and a1     ap = a′1     a′p. Similarly, we also have
ap+1     aµj = a′p+1     a′µj. Moreover, rowiµdι and rowiµd′ι
are ascending. Therefore, ak = a′k for all 1 ≤ k ≤ µj . Immediately, we
have d¯ι = d′ι which implies d¯ = d¯′.
By similar argument and properties of descending row-standard tableaux,
parts (a) and (b) are also true when d d′ are in +λ I ∩ +µ Jι.
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(4.2.4) Proposition. The set λI ∩ ιµ J (respectively +λ I ∩
+µ Jι) is the set of all shortest (respectively longest) elements in dou-
ble cosets in Wλ I\W/Wµ J.
Proof. If d is an element of shortest length in Wλ IdWµ J, then d
is the element of shortest length in both Wλ Id and dWµ J. Hence d ∈
λ I ∩ιµ J. Conversely, for any d ∈ λ I ∩ιµ J, take an element of
shortest length d′ in Wλ IdWµ J. Thus d′ is also in λ I ∩ ιµ J. By
4.2.3, we have d¯ = d¯′, and for any a ∈ r ad ∈ r if and only if ad′ ∈ r.
Therefore, from 2.2.1 &d = &d′ and hence d is an element of shortest
length in the double coset.
By similar argument, the result for longest elements is true.
(4.2.5) Corollary. Keep the notation of Theorem 4.1.2. Let zij be the
array corresponding to a double coset in Wλ I\W/Wµ J. In the double coset,
the number of shortest elements is the same as the number of longest elements
and this number is
∏
i∈nλ\I
andj∈nµ\J
zij − zij0!
zij1! · · · zijm−1!

Proof. Suppose d d′ are both shortest (or both longest) elements in
the same double coset. By 4.2.2 and 4.2.3, when i ∈ I, the ith rows of the
tableaux λd and λd′ are identical. When i ∈ nλ\I, the only difference
between rowiλd and rowiλd′ is the powers of ξ of the entries. More
precisely, for any ﬁxed pair of i ∈ nλ\I and j ∈ nµ\J, let ξε1b1     ξεkbk
and ξε′1b1     ξε′kbk be the subsequences of all entries in Rλi d ∩ CmRµj
and Rλi d
′ ∩ CmRµj , respectively. By 4.1.1 (b), the sequence of exponents
ε′1     ε′k is a permutation of ε1     εk. Hence, the number of shortest
(longest) elements is less than or equal to the product in the corollary. On
the other hand, let d be a shortest (longest) element in a double coset.
Any element d′, formed by permuting powers of ξ among those terms of
d in each of the sets Rλi d ∩ CmRµj with i ∈ nλ\I and j ∈ nµ\J, is obviously
another shortest (longest) element in the same double coset. The result
hence follows.
When m = 2, for each pair i ∈ nλ\I and j ∈ nµ\J, the sequence zij
is an ordered pair and zij1 = zij − zij0. As a result, the product in the
above corollary is always one. Again, we have a unique shortest element
and unique longest element in each double coset.
(4.2.6) Corollary. In G2 1 r, each double coset of quasi-parabolic
subgroups has a unique shortest element and a unique longest element.
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(4.2.7) Algorithm (shortest and longest double coset representatives).
From an element w ∈ W , this algorithm constructs the shortest element d
(respectively the longest element y) in the double coset Wλ IwWµ J.
(1) For each term x in the sequence w, if x ∈ Rλi w ∩ CmRµj where
i ∈ I or j ∈ J then change x to x¯ (respectively ξm−1x¯). Name the resulting
sequence w1.
(2) Get the shortest (respectively longest) element w2 in the coset
Wλ Iw1.
(3) Get the shortest element dι (respectively the longest element yι)
in the coset Wµ Jw
ι
2.
By (3), the element d is in ιµ J. By (1), the tableau 
λw1 satisﬁes (RS1)
with respect to I. Thus w2 = σw1 for some σ ∈ λ. Therefore, w2 satisﬁes
the condition that Rλi w2 ∩ CmRµj ⊆ r if i ∈ I or j ∈ J. As a result, d = w2π
for some π ∈ µ. Hence, "d#µ = "w2π#µ = "w2#µ. In particular, λd satisﬁes
(RS1) with respect to I. Since λw2 satisﬁes (RS2), each row of "λw2#µ is
of the form −n∗ · · · −1∗1∗ · · · n∗, and so is each row of "λd#µ. Let
a < a′ ad = ξεb, and a′d = ξεb′. If "ad#µ = "a′d#µ = j, then ε = ε′ = 0.
Hence, bdι = a and b′dι = a′. Since rowjµdι is ascending, then b < b′.
However, if "ad#µ = "a′d#µ = −j, then bdι and b′dι are in Cmr. In this
case, we have b > b′. Consequently, all entries of λd that are in the same
row and have the same µ-labels are in ascending order. We should also
note that if "x#µ < "x′#µ, then x  x′. Thus λd also satisﬁes (RS2), and
hence d ∈ λ I.
By similar argument, the element y obtained by this algorithm is a longest
element in the double coset Wλ IwWµ J
(4.2.8) Example. To the element w in the double coset in Example
4.1.3, we apply the above algorithm to ﬁnd a shortest element.
λw1 =
A 5 ξ28 3 ξ9 2
B 1 6
A ξ7 4,
λw2 =
A ξ9 ξ28 2 3 5
B 1 6
A ξ7 4,
µwι2 =
A 6 3 4
B 9 5 7ξ8 ξ22 ξ1
−
µdι =
A 3 4 6
B ξ8 ξ22 ξ1 5 7 9
−
Hence d = ξ6 ξ25 1 2 7 3 8 ξ4 9 is a shortest element. Further-
more, by 4.2.5 there are only two shortest elements in this double coset
and the other one is ξ26 ξ5 1 2 7 3 8 ξ4 9.
(4.2.9) Proposition. Keep the notation of Theorem 4.1.2. The length of
a shortest representative in the double coset corresponding to an array zij is
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given by
&d = ∑
i/∈I
j /∈Jε
εzijε +
∑
i<k
j≤l
zijqkl +
∑
i≤k
j<l
zijqkl +
∑
i<k
j>l
zijzkl +
∑
i j
(
qij
2
)

where qij = zij − zij0 when i /∈ I and j /∈ J, and qij = 0 otherwise. The
summation indices i j k l are in n and 1 ≤ ε ≤ m− 1.
Proof. Let d = ξε1a1     ξεr ar be a shortest representative in the
double coset corresponding to the array zij. Let bp = "ap#µ for each
p ∈ r. Hence "d#µ is of the form ±b1    ±br and bp < bq implies
ap < aq. Let
&1d=
r∑
p=1
εp=
∑
i/∈I
j /∈Jε
εzijε
&2d=2 ·cardpqp<qbp<bqεq =0+cardpqp<qbp>bq
&3d=2 · cardpqp<qap<aqbp=bqεq =0
+ cardpqp<qap>aqbp=bq
Then &d = &1d + &2d + &3d.
Let Aijkl be the set p qp < qp ∈ Rλi  q ∈ Rλk bp = j and bq = l
which is empty unless i ≤ k. The set p qp < q bp < bq εq = 0 is
the union of disjoint subsets Bijkl = p q ∈ Aijklj < l and εq = 0. The
set p qp < q bp > bq is the union of disjoint subsets Eijkl = p q ∈
A
ij
klj > l. If i < k and j < l, then card Bijkl = zijqkl and Eijkl = . If i < k
and j > l, then Bijkl =  and card Eijkl = zijzkl. Recall that the ith row of
the "λd#µ is of the form −n∗ · · · −1∗1∗ · · · n∗. For the case i = k
and j < l, we have Bijil ∪ Bilij =  and cardEijil ∪ Eilij = zijqil. Hence,
&2d =
∑
i<k
j>l
zijzkl +
∑
i<k
j<l
2zijqkl +
∑
i=k
j<l
zijqkl
To evaluate &3d, we pick up all the terms in d with labels ±j. The sub-
sequence of labels for these terms is in the form of −j∗j∗−j∗j∗ · · ·
−j∗j∗. Since rowjµdι is ascending, the subsequence of terms with
labels −j and the subsequence of terms with labels j are respectively
ascending. Furthermore, if ξεa and a′ are terms with label −j and j, respec-
tively, then a < a′. Thus, the set p qp < q ap < aq bp = bq εq = 0
is empty. We dissect the set p qp < q ap > aq bp = bq into subsets
F
ij
kj = p q ∈ Aijkjap > aq. If i < k, then card Fijkj = zijqkj . The number
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of elements in Fijij is
(qij
2
)
. Hence,
&3d =
∑
i<k
j=l
zijqkl +
∑
i j
(
qij
2
)

The equality in the proposition then follows.
(4.2.10) Proposition. The length of a longest representative in the double
coset corresponding to an array zij is given by
&y = ∑
i/∈I
j /∈J ε
εzijε +
∑
i∈I or
j∈J
m− 1zij +
(
r
2
)
−∑
i<k
j<l
zijzkl +
∑
i<k
j≤l
zijfkl
+ ∑
i≤k
j<l
zijfkl +
∑
i j
[(
fij
2
)
+ zij0fij
]

where fij = zij − zij0 when i /∈ I and j /∈ J, and fij = zij otherwise. The
summation indices i j k l are in n and 1 ≤ ε ≤ m− 1.
Proof. Similar to to the proof of 4.2.9, perform the calculations case by
case. The length of a longest element in the double coset is
∑
i/∈I
j /∈J ε
εzijε +
∑
i∈I or
j∈J
m− 1zij +
∑
i<k
j>l
zijzkl +
∑
i<k
j=l
zijzkl + zijfkl +
∑
i<k
j<l
2zijfkl
+ ∑
i=k
j<l
zijzkl + zijfkl +
∑
i j
[(
zij0
2
)
+ 2
(
fij
2
)
+ 2zij0fij
]

The proposition follows from the fact that
(
r
2
)
= ∑
distinct pair
ijkl
zijzkl+
∑
ij
(
zij
2
)
and
(
zij
2
)
=
(
zij0
2
)
+
(
fij
2
)
+zij0fij
4.3. The Intersection of Conjugates of Quasi-Parabolic Subgroups
Suppose Wλ I = W λ1 · · ·W λn and Wµ = W µ1 · · ·W µn are quasi-parabolic.
Take a ﬁxed element w in W , and any element u in Wλ I. We write the
elements u and w−1uw in two line notation as
u =
(
1 · · · r
1u · · · ru
)
and w−1uw =
(
1w · · · rw
1uw · · · ruw
)

Immediately, w−1W λi w is a subgroup of all the elements which ﬁx the set
Cmr\Rλi w, and map CmRλi w onto CmRλi w or Rλi w onto Rλi w when i ∈ I
or i /∈ I, respectively. The lemma below follows directly from the above
observation.
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(4.3.1) Lemma. Let Wij = w−1W λi w ∩ W µj and zij = cardRλi w ∩ Rµj .
Then w−1Wλ Iw ∩Wµ J =
∏
i jWij , such that
(a) if i ∈ I and j ∈ J, then Wij ∼= Gm 1 zij and its elements permute,
or change the exponents of ξ of the elements in Rλi w ∩ CmRµj ;
(b) if i ∈ I and j /∈ J, then Wij ∼= zij and its elements permute the
elements in Rλi w¯ ∩ Rµj ;
(c) if i /∈ I and j ∈ J, then Wij ∼= zij and its elements permute the
elements in Rλi w ∩ CmRµj ;
(d) if i /∈ I and j /∈ J, then Wij =
∏m−1
ε=0 W
ε
ij , where each W
ε
ij is the
group of all elements which permute elements in Rλi w ∩ ξεRµj and ﬁx other
elements in Rλi w ∩ CmRµj .
(4.3.2) Corollary. A double coset corresponding to an n× n array zij
has the trivial intersection property if and only if
(a) zij = 0 for all i ∈ I and j ∈ J, and
(b) the terms of zij are either 0 or 1, otherwise.
Proof. Using the notation of Theorem 4.1.2, we observe that
cardw−1Wλ Iw ∩Wµ J =
∏
i∈I
or j∈J
zij!
∏
i/∈I and
j /∈J ε
zijε!
∏
i∈I
and j∈J
mzij 
Hence cardw−1Wλ Iw ∩Wµ J = 1 if and only if the conditions (a) and
(b) hold.
The formula for cardw−1Wλ Iw ∩Wµ J can also be used to ﬁnd the
number of elements in the double coset Wλ IwWµ J by
cardWλ IwWµ J =
cardWλ IcardWµ J
cardw−1Wλ Iw ∩Wµ J

By restricting 4.1.4(∗) to the conditions in 4.3.2, we have the following
corollary.
(4.3.3) Corollary. Use the notation of Corollary 4.1.4. The number of
double cosets in Wλ I\W/Wµ J with the trivial intersection property is equal
to the coefﬁcient of xλyµ in
∏
i∈I or j∈J
but not both
1+ xiyj
∏
i/∈I
and j /∈J
1+ xiyjm
(4.3.4) Corollary. The subgroup w−1Wλ Iw∩Wµ J is quasi-parabolic
if and only if w satisﬁes all the following conditons.
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(a) When i ∈ I, the set Rλi w¯ ∩Rµj is empty or a set consecutive integers
for any j.
(b) When i /∈ I and j ∈ J, the set Rλi w ∩ CmRµj = ξεZ for some ε and
for some set Z of consecutive integers or is empty.
(c) When i /∈ I and j /∈ J, the set Rλi w ∩ ξεRµj = ξεZ for some set Z
of consecutive integers or is empty.
(4.3.5) Example. For the element d and the double coset in 4.2.8, we
have
Rλ1d=ξ6 ξ25 1 2 7 Rλ2d=3 8 Rλ3d = ξ4 9
R
µ
1 =1 2 3 Rµ2 =4 5 6 7 8 9 Rµ3 =
Since I = 2 and J = 1, we list the following sets:
Rλ1d ∩ CmRµ1 =1 2 Rλ1d ∩ Rµ2 =7
Rλ1d ∩ ξRµ2 =ξ6 Rλ1d ∩ ξ2Rµ2 =ξ25
Rλ2 d¯ ∩ Rµ1 =3 Rλ2 d¯ ∩ Rµ2 =8
Rλ3d ∩ Rµ2 =9 Rλ3d ∩ ξRµ2 =ξ4
Hence, the subgroup d−1Wλ Id ∩Wµ J is quasi-parabolic. If we let it be
WνL, then ν = 2 1 1 1 1 1 1 1 and L = 2.
(4.3.6) Proposition. The intersection of conjugates of quasi-parabolic
subgroups is conjugate to a quasi-parabolic subgroup.
Proof. Let Wλ I and Wµ J be quasi-parabolic subgroups. It sufﬁces
to show that the subgroup w−1Wλ Iw ∩ Wµ J is conjugate to a quasi-
parabolic subgroup for any w ∈ W .
If v is in Wµ J, then v−1w−1Wλ Iw ∩ Wµ Jv = wv−1Wλ Iwv ∩
Wµ J. We only need to show the existence of v in Wµ J such that wv
satisﬁes the conditions in 4.3.4. For a ﬁxed j ∈ J, let Xi = Rλi w ∩ CmRµj
and X = ⋃i Xi. Since card X = µj , there exists an element vj in W µj
such that Xvj = Rµj and Xivj is a set of consecutive integers for each i.
Obviously, wvj satisﬁes 4.3.4 (a) and (b). Now, we ﬁx an integer j /∈ J. If
i ∈ I, let Yi = Rλi w¯ ∩Rµj . For each i /∈ I and each ε, let Yεi = Rλi w ∩ ξεRµj
and Yi =
⋃
ε Y
ε
i . Since
⋃
i Yi = Rµj , there exists vj in W µj such that Yivj
and Yεi′ vj are sets of consecutive integers, for i ∈ I and i′ /∈ I. In this case,
wvj satisﬁes 4.3.4 (a) and (c). Hence, v = vi · · · vn is the required element
in Wµ J and the proposition follows.
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